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Abstract 

We show explicit estimates on the number of g-rational points of an F„ -definable 

TL 

affine absolutely irreducible variety of F . Our estimates for a hypersurface signifi- 
cantly improve previous estimates of W. Schmidt and M.-D. Huang & Y.-C. Wong, 
while in the case of a variety our estimates improve those of S. Ghorpade & G. 
Lachaud in several important cases. Our proofs rely on elementary methods of ef- 
fective elimination theory and suitable effective versions of the first Bertini theorem. 
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1 Introduction. 



Let p be a prime number, let q := p k , let ¥ q denote the finite field of q elements 
and let ¥ q denote the algebraic closure of the field ¥ q . Let be given a finite 
set of polynomials ... , F m e F g [Xi, . . . , X n ] and let V denote the affine 
subvariety of ¥ q defined by Fi, . . . , F m . Counting or estimating the number 
of g-rational points x G F™ of V is an important subject of mathematics and 
computer science, with many applications. 

In a fundamental work [Wei48], A. Weil showed that for any F^-definable 
absolutely irreducible plane curve C of degree 5 and genus g, the following 
estimate holds: 

|#(CHF 9 2 ) -g| <2gq 1 ' 2 + 5 + l. 
Taking into account the well-known inequality 2g < (5 — 1) (5 — 2), we have 
the estimate 

|#(C n ¥ q 2 ) - q \<(S-l)(5- 2)q 1 / 2 + 5 + 1, (1) 

which is optimal in the general case. The proof of this result was based on 
sophisticated techniques of algebraic geometry. 

Weil's estimate (1) was generalized to higher dimensional varieties by S. Lang 
and Weil [LW54]. Their result may be rephrased as follows: for any ¥ q -definable 
absolutely irreducible subvariety V of F n of dimension r > and degree 5 > 0, 
we have the estimate: 

n F;) - q r ' l \ <{5-l){5- 2)<r 1/2 + Cq r ~\ (2) 

where C is a universal constant, depending only on n, r and 5, which was not 
explicitly estimated. 

S. Ghorpade and G. Lachaud ([GL02b], [GL02a]) found an explicit estimate 
on the constant C of (2). More precisely, in [GL02a, Remark 11.3] (see also 
[GL02b, Theorem 4.1]) the following estimate on the number iV of g-rational 
points of an F ? -definable absolutely irreducible subvariety V of of dimension 
r > and degree 5 > is shown: 

|iV - q r \ < (5 - 1)(5 - 2)q r - 1/2 + 6 • 2 s (sd + 3) n+1 q r -\ (3) 

where s is the number of equations defining the variety V and d is an up- 
per bound of the degrees of these equations. Observe that in the case of a 
hypersurface, estimate (3) gives 

|iV - q* 1 - 1 ] <(S- 1)(5 - 2)q n - 1/2 + 12(5 + 3) n+1 q n - 2 . (4) 
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The proof of this result is based on a sophisticated method relying on a gen- 
eralization of the Weak Lefschetz Theorem to singular varieties and estimates 
of the Betti numbers of suitable spaces of etale £-adic cohomology. 

On the other hand, the first general estimate obtained by elementary means 
was given by W. Schmidt in [Sch73] (see also [Sch76], [Bom74], [LN83]). Gen- 
eralizing a method of S. Stepanov [Ste71], Schmidt obtained the estimate 

\#{Cr\W*)-q\<V25 b ' 2 q 1 /\ 

— 2 

where C C ¥ q is an absolutely irreducible ¥ q - definable plane curve of degree 
5 > and the regularity condition q > 250<5 5 holds. 

Later on, using an adaptation of Stepanov's method to the hypersurface case 
Schmidt [Sch74] showed the following non-trivial lower bound for any abso- 
lutely irreducible F g -definable hypersurface H of degree 5 > 0: 

D F") > q 11 ' 1 -{5-l)(5- 2)<f~ 3 / 2 - (55 2 + 5 + l)q n ~ 2 , (5) 

provided that the regularity condition q > cn 3 S 5 log 3 5 holds for a suitable 
constant c > 0. Let us remark that, up to now, this was the best explicit lower 
bound known for an arbitrary absolutely irreducible ¥ q -hypersurface. He also 
obtained in [Sch76] the following explicit estimate: 

n F") - g"- 1 ! <{6-l){5- 2)<f- 3/2 + 6 5 2 9 26 q n - 2 , 

with 9 := (5 + 1)5/2. 

Finally, combining (5) with Schmidt's [Sch76] method and Kaltofen's effective 
version of the first Bertini Theorem [Kal95], M.-D. Huang and Y.-C. Wong 
[HW98] obtained the following estimate for an F 9 -definable absolutely irre- 
ducible hypersurface H of F™ of degree 5: 

|#(if n FJ 1 ) - q n - l \ <{5- l){5 - 2)<f- 3 / 2 + (5 2 + 25 5 )q n - 2 + 25 7 q n - 5/2 , (6) 

provided that the regularity condition q > cn 3 5 5 log 3 8 holds. 

From the point of view of practical applications it is important to improve as 
much as possible the regularity condition underlying (5) and (6). Furthermore, 
estimate (6) may grow large in concrete cases due to the powers of 5 arising 
in the right-hand side of (6). This is also the case of (3) and (4), whose right- 
hand sides include terms which depend exponentially on n and the number s 
of equations. 

In this article, combining techniques of [Sch74], [Sch76] and [Kal95] we ob- 
tain improved explicit estimates on the number of g-rational points of an 
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F g -definable afline absolutely irreducible variety V oiW . Our estimates in the 
case of a hypersurface significantly improve the regularity of (5) and extend 
it, providing a corresponding upper bound. Further, we improve both the reg- 
ularity and the right-hand side of (6) and exponentially improve (4). Finally, 
in the case of an absolutely irreducible variety, the worst case of our estimates 
improve (3) in several important cases, such as those of low codimension (for 
example 2r > n — 1) and those of low degree (for example d < 2(n — r)). 

Our methods rely on elementary arguments of effective elimination theory 
(see Sections 2 and 6). In particular, we obtain elementary upper bounds on 
the number of g-rational points of certain ¥ q -definable afline varieties which 
improve [Sch74], [Sch76] and [CR96] (see Section 2). 

Our estimate for a hypersurface combines ideas of [Sch74] with an effective 
version of the first Bertini Theorem due to E. Kaltofen [Kal95]. Kaltofen's 
result is based on the analysis of an algorithm that decides whether a given 
bivariate polynomial with coefficients in a field is absolutely irreducible. In 
Section 3, we adapt Kaltofen's algorithm in order to determine the existence 
of irreducible factors of a given degree of the restriction of a multivariate ab- 
solutely irreducible polynomial to a plane. This allows us to obtain suitable 
upper bounds on the genericity condition underlying the choice of a restriction 
having no irreducible factors of a given degree (Theorem 3.3). In Section 4 we 
combine this result with a combinatorial approach inspired in [Sch74] in order 
to estimate the number of restrictions of a given absolutely irreducible poly- 
nomial / G F q [Xi , . . . , X n ] to affine planes having a fixed number of absolutely 
irreducible factors over ¥ q . 

In Section 5, applying the estimates of the preceding Section and adapting 
the methods of [Sch76], we obtain the following estimate for an absolutely 
irreducible F 9 -hypersurface H C F ? n of degree 5 (see Theorem 5.2), which 
holds without any regularity condition: 

n F") - q n ~ l \ < (5 - 1){6 - 2)q n ~ 1 / 2 + 55% q n ~ 2 . 

Furthermore, using the lower bound underlying the previous estimate we ob- 

13 

tain the following estimate (see Theorem 5.3): for q > 155~ we have 
|#(if n F g n ) - if" 1 ! <{5-l){5- 2)q n - 1 ' 2 + {55 2 + 5 + i) q n - 2 . 

Finally, in Section 6 we combine these estimates with elementary methods of 
effective elimination theory (see Propositions 6.1 and 6.3) in order to obtain 
estimates for afline F g -definable afline varieties (see Theorems 5.7, 7.1 and 7.5). 
As an illustration of the results we obtain, we have the following estimate for 
an Fg-definable absolutely irreducible variety V C F™ of dimension r > and 
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degree 5: for q > 2(r + 1)5 2 , there holds 

n F") - g r | <(S- 1)(5 - 2)q r - 1/2 + 56% q*- 1 . 



2 Notions and notations. 

We use standard notions and notations of commutative algebra and algebraic 
geometry as can be found in e.g. [Kun85], [Sha84], [Mat80]. 

For a given m G N, we denote by A m = A m (F g ) the m-dimensional affine 
space F m endowed with the Zariski topology. 

Let Xi, . . . , X n be indeterminates over ¥ q and let FJXl, . . . , X n ] be the ring of 
n-variate polynomials in the indeterminates Xi, . . . , X n and coefficients in ¥ q . 
Let V be an F g -definable affine subvariety V of A n (an ¥ q - variety for short). 
We shall denote by I(V) C ¥ q [X 1 , . . .,X n ] its defining ideal and by ¥ q [V] its 
coordinate ring, namely, the quotient ring ¥ q [V] := FjXx, . . . ,X n ]/I(V). 

If V is irreducible as an F g -variety (F g -irreducible for short), we define its 
degree as the maximum number of points lying in the intersection of V with 
an affine linear subspace L of A" of codimension dim(V) for which #(V fl 
L) < oo holds. More generally, if V = C\ U • • ■ U Ch is the decomposition of 
V into irreducible F g -components, we define the degree of V as deg(V) : = 
Si=ideg(Cj) (cf. [Hei83]). In the sequel we shall make use of the following 
Bezout inequality (see [Hei83], [Ful84]): if V and W are F g -subvarieties of A n , 
then 

deg(V f]W)< deg V deg W. (7) 
An Fq-variety V C A™ is absolutely irreducible if it is irreducible as F 9 -variety. 

2.1 Some elementary upper bounds. 

In this section we exhibit upper bounds on the number of g-rational points of 
certain F g -varieties using elementary arguments of effective elimination theory 
and the Bezout inequality (7). The purpose of this section is to illustrate how 
these arguments significantly simplify the previous combinatorial proofs (cf. 
[LN83], [Sch 74], [Sch76]), yielding also better estimates than the usual ones in 
some cases. We start with the following well-known result: 

Lemma 2.1 Let V C A n be an ¥ q -variety of dimension r > and degree 
5 > 0. Then the inequality #(Vn F n ) < 5q r holds. 
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Proof. For 1 < % < n, let Wi C A n be the Fg-hypersurface defined by 
X? - X, L . Then we have V fl F™ = V H Wi n • • • n W n . Therefore, applying 
[HS82, Proposition 2.3] we obtain the inequality #(V n W ± n • • • D W 7 ,,) = 
deg(V n Wi fl • • • n W^) < 5g r , which finishes the proof. ■ 

We observe that when r — n — 1, i.e. when V is a hypersurface defined by 
a polynomial / G F 9 [Xl, . . . ,X n ], the lemma implies that the number of q- 
rational zeros of / is at most dq n ~ x . 

Lemma 2.2 Let fi, . . . , f s G FjXt, . . . , X n ] (s > 2) &e nonzero polynomials 
of degree at most S > without a common factor in ¥ q [Xi, . . . ,X n ], and let 
V C A" be the ¥ q -variety defined by f \, . . . , f s . Then #(Ffl F") < 5 2 q n ~ 2 . 

Proof. Since f\, f'2 have no common factors in F g [Xi, . . . ,X n ], we have that 
V(fi, f'2) is an F g -variety of dimension n — 2. From the Bezout inequality 
(7) we conclude that degV r (/i,/ 2 ) < ^ 2 holds. Then Lemma 2.1 shows that 
#(HA, f2) n F") < 5 2 q 11 - 2 holds. This implies #(V n F") < 5 2 q n ~ 2 . m 

Let us remark that the upper bound of Lemma 2.2 improves the upper bounds 
2n5 3 q n - 2 of [Sch74, Lemma 4] and 5 z q n ~ 2 of [Sch76, Lemma IV.3D]. 

Lemma 2.3 Let V C A n be an ~¥ q -ir reducible variety of dimension r > and 
degree S which is not absolutely irreducible. Then the inequality #(V fl FJ 1 ) < 
5 2 q r ~ 1 /4 holds. 

Proof. Let V — V\ U • • • U V s be the decomposition of V into F g -irreducible 
components and let Si denote the degree of Vi for i — 1, . . . , s. Our hypotheses 
imply s > 2. Since every g-rational point of V belongs to Vi for 1 < i < n, we 
see that V fl F™ C V\ fl V 2 fl F™ holds. Therefore, applying Lemma 2.1 we have 
n y 2 n F") < < J 1< J 2 g'- 1 < /4. " ■ 

If y is an Fg-hypersurface irreducible but not absolutely irreducible, our 
estimate gives #(V fl F") < S 2 q n ~ 2 /4, which improves the upper bound 
§qn-i _ _ i^q n ~ 2 f [CR96, Theorem 3.1], obtained assuming that 1 < 
S < q — 1 holds. Indeed, our upper bound is valid without any restriction on 
q, and for S < q we have S 2 q n ~ 2 /4 < Sq 11 ^ 1 — (S — l)q n ~ 2 . 



3 On the effective first Bertini Theorem. 

Let be given an absolutely irreducible polynomial / G FJXl, . . . , X n ] of degree 
S > and let H C A n be the affine F g -hyper surf ace defined by /. Our estimates 
on the number of g-rational points of H rely on an analysis of the varieties 
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obtained by intersecting H with an affine linear F^-variety of dimension 2 
(F g -plane for short). For this purpose, we need an estimate on the number of 
F 9 -planes L for which H D L has an absolutely irreducible F^-component of 
degree at most D, for a given 1 < D < S — 1. 

Following [Kal95], we analyze the genericity condition underlying the nonex- 
istence of irreducible components of H n L of degree at most D. In order to 
do this, in the next section we introduce an algorithm which, given a bivariate 
polynomial / G K[X,Y], finds the irreducible factors of / over A of degree 
at most D. Then, in Section 3.2 we obtain a suitable upper bound on the 
genericity condition we are considering. 

3. 1 An algorithm computing the irreducible factors of degree at most D of a 
bivariate polynomial over a field A. 

The algorithm we exhibit in this section is a variant of the corresponding 
algorithm of [Kal95]. 

Algorithm Factorization over the Coefficient Field of degree at most D. 

Input: A polynomial f E K[X, Y] monic in X of degree at most 5, where A is 
an arbitrary field, such that the resultant Resx(f(X,0),df(X,0)/dX) ^ 0, 
and an integer D with 1 < D < S — 1. 

Output: Either the algorithm returns the list of irreducible factors of / defined 
over K of degree at most D, or / will not have irreducible factors in K[X, Y] 
of degree at most D. 

Set the maximum order of approximation needed: £ max <— 2D5. 

For all roots Q G A of f(X, 0) G A [A] Do steps N and L. 

Step N: Let Aj := K(Q) and Set the initial points for the Newton iteration 

a h0 <- Ci G A,, A,o <- (df/dX^a^Oy 1 G K t . 

(Now we perform Newton iteration) 
Forj^0,...,Llog 2 (4 iax )J Do 

ctij+i <- (a id - Pi d f(a itj ,Y)) (mod Y 2J+1 ) 

- (2fly - (df/dX^a^Y)^) (mod Y* +1 ). 

(Observe that aiij+i, are polynomials of Aj[Y] satisfying 
f(a iJ+1 ,Y) = (mod F 2J+1 ), (3 W ■ (df /dx)(a hJ+1 ,Y) ee 1 (mod Y 2J+1 ).) 
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Set the approximate root 

<*i <- «i,Liog 2 (W)j+i (mod G Ki [Y] . 

(Next, we compute the powers of ctj.) 
For n <- 0, . . . , 5 - 1 Do 

Imax 

X] < fc ^ fe <- «f (mod with ajj G ^. 

fc=0 

Step L: We find the lowest degree polynomial in K[X, Y] whose root is c^. 
For m <— 1 , . . . , D Do 

We fix the order of approximation: £ <— 2m5. 

(We examine if the equation a™ + J2™=o hi^(Y)af = (mod Y e+1 ) has a 
solution for h i>lx {Y) E K[Y] with deg(/ij i(U ) < m — pL. Writing h itlJi (Y) = 
Y!£=o Ui^Y 71 ', with tij )/lj7J € if, and collecting the coefficients of F fc we are 
led to the following problem.) 

For < k < £, solve the following linear system over K in the variables 
Ui,n,r) (0 < \i < m - I, < r) < m - //): 

m— 1 m-/u 

«1? + E E gS-^,, = (*re o$ = /or i/ < 0), (8) 

^=0 77=0 

(Since deg h i<fM <m — /i holds, for every fj, we have m — fx + l indeterminates, 
which implies that the system has (m + l)(m + 2)/2 — 1 indeterminates.) 

If (8) has a solution then 

(The polynomial fi(X, Y) is an irreducible factor of f(X, Y) of degree D or 
some factor of it is an irreducible factor of degree less than D.) 

Check if fi has been produced by a root Q with I < i. If not, add f\ to the list 
of irreducible factors of degree less than D. 

If (8) has no solution for all i = 1, ... ,5 and m = 1, . . . , D, then f has no 
irreducible factors in K[X, Y] of degree at most D. 

The next lemma proves the correctness of this algorithm: 

Lemma 3.1 The polynomial f(X, Y) has an irreducible factor over K of de- 
gree at most D if and only if at least one of the DS linear systems (8) has a 
solution in K . 
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Proof. Suppose that (8) has a solution in K, i.e. there exists 1 < % < 5 and 
a polynomial gi(X, Y) e K[X, Y] of degree 1 < m < D such that g{a,i ) Y) = 
(mod Y 2rn5+1 ). Let p E K[Y] denote the resultant p(Y) := Res x (f,g). 
Evaluating p at X = a,i we conclude that p(l") = (mod Y 2rn5+1 ). Since p 
is a polynomial of degree at most 2m5, we conclude that p = holds. Hence 
gcd(/, g) is a non-trivial element of K[X, Y], and therefore is a factor of / of 
degree at most D. 

Now, suppose that f(X,Y) has an irreducible factor g(X,Y) e K[X, F] of 
degree at most D > 1. Then there exists a non-trivial factorization /(X, Y) = 
g(X, Y)h(X, Y) over K[X, Y]. Let 1 < % < d be an integer for which ^(a^o, 0) = 
0. Then h(ai : o, 0) 7^ 0, which implies h(aifi, Y) ^ (mod F) and thus 
h(ai t j, Y) ^ (mod F) for 1 < j < Llog 2 (^ m ax)J + 1- Therefore, we have 
h(a-,Y) = (mod Y), which combined with f{a h Y) = (mod Y 2D5+1 ) 
shows that g(a,i,Y) = (mod y 215 ^ 1 ) holds. We conclude that the coeffi- 
cients of g, considered as polynomial of fT[V][X], furnish a solution to at least 
one of the D5 linear systems (8). This completes the proof. ■ 



3.2 The genericity condition underlying the existence of irreducible compo- 
nents of a given degree. 

The estimates on the number of g-rational points of a given absolutely irre- 
ducible (n-r)-dimensionalF (? -variety\/ C A n ofe.g. [Sch76], [HW98], [CM02] 
depend strongly on a suitable effective version of the first Bertini Theorem. As 
it is well-known, the first Bertini Theorem (see e.g. [Sha94, §11.6.1, Theorem 
1] asserts that the intersection V H L of V with a generic affine variety variety 
L C A n of dimension r + 1 is an absolutely irreducible curve. An effective 
version of the first Bertini Theorem aim at estimating the number of planes L 
for which V fl L is not an absolutely irreducible curve, and is usually achieved 
by analyzing the genericity condition underlying the choice of a linear vari- 
ety L. The estimates for hypersurfaces we shall present in the next sections 
rely on a variant of the effective first Bertini Theorem, which estimates the 
number of planes L whose intersection with a given absolutely irreducible ¥ q - 
hypersurface H has absolutely irreducible Fg-components of degree at most D 
for a given 1 < D < 5 — 1 . 

For this purpose, let / G K[X 1 , . . . ,X n ] be an absolutely irreducible polyno- 
mial of degree d and let be given 1 < D < 5 — 1. For z/ 1? . . . , z/ n , cu 2 , ■ ■ ■ ,u> n E K , 
we consider the polynomial 

X(X, Y,Z 2 ,..., Z n ) := f(X + v u u 2 X + Z 2 Y + is 2 , . . . , u n x + Z n Y + v n ) 

as an element of K[X, Y, Z 2 , . . . , Z n ]. Following [Kal95, Lemmas 4 and 5], there 
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exists a non-zero polynomial T G K[Vi, . . . ,V n , W 2 , ■ ■ ■ , W n ] of degree at most 
2S 2 such that for any ui, . . . ,v n , u 2 , ■ ■ ■ , ui n G K with 

T(l/i,...,I/ n ,W 2 , •••,Wn) 7^ (9) 



the following conditions are satisfied: 

• the leading coefficient of \ with respect to X is a non-zero element of K, 

• the discriminant of x(^> 0? Z 2 , . . . , Z n ) with respect to X is non-zero, 

• x is an irreducible element of K[X, Y, Z 2 , . . . , Z n ]. 

Under the assumption of condition (9), Kaltofen proves a crucial fact for his 
effective version of the first Bertini Theorem [Kal95, Theorem 5]: he shows the 
existence of a polynomial \P G K[Z 2 , . . . , Z n ] of degree at most 36 4 /2 — 25 3 + 
5 2 /2 such that for any r] := (rj 2 , . . . ,r] n ) G with ^(77) 7^ 0, the bivariate 

polynomial x{X, Y, V2, ■ ■ ■ , Vn) G K[X, Y] is absolutely irreducible. 

Hence, for S := T(K, • • • , V n , W 2 , . . . , W n )^(Z 2 , . . . , Z n ) we have degH < 
35 4 /2-25 3 + 55 2 /2 and for any (v,u,T]) := (v x , ...,u n ,u 2 ,.. .,u n ,r) 2 , ■■■,r]n) G 

3n— 2 

" with S(i/, a;, 77) 7^ 0, the polynomial x(^> ^ ^2, • • • , ?7n) := /(^ + 
i>i, uj 2 X + r/ 2 F + ^2, • • • , + + v n ) is absolutely irreducible. In par- 
ticular, for K = ¥ q we deduce the following corollary: 

Corollary 3.2 Let / G FjXi, . . . ,X n ] be absolutely irreducible of degree 5 > 
0. Then there exists at most (35 4 /2 - 25 3 + 55 2 /2)q 3n ~ 3 elements (v,w,ri) G 
F 3n ~ 2 for which x(X, Y, rf) is not absolutely irreducible. 

Our goal is to obtain a degree estimate, similar to that of degS, on the gener- 
icity condition underlying the nonexistence of absolutely irreducible factors 
of x{X, Y, r] 2) . . . , ?7„) of degree at most D for a given 1 < D < S — 1. Our 
next theorem, a variant of [Kal95, Theorem 5], will be a crucial point for our 
estimates of the following sections. 

Theorem 3.3 Let 1 < D < 5 — 1 and suppose that z/ 1? . . . , u n , cu 2 , . . . , uj n sat- 
isfy condition (9). Then there exists a nonzero polynomial^ d G K[Z 2 , . . . , Z n ] 
of degree 

deg ^ D < D5 2 (D + 1)(D + 2) - (D 2 + 3D)(D 2 + 3D + 2)5/8 

such that for any i] := (r) 2 , . . . ,r) n ) G K™ 1 with ^d(v) 0; ^e polynomial 
x(X,Y,r)) := f(X + Ui, u 2 X + r] 2 Y + u 2 , . . . , u n X + r] n Y + u n ) has no irreducible 
factors of degree at most D in K[X, Y\. 

Proof. Since by assumption x is irreducible over K[Z 2 , . . . , Z n ] [X, Y] , Gauss 
Lemma implies that x is irreducible over K(Z 2 , . . . , Z n )[X, Y\. Therefore, ap- 
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plying algorithm Factorization over the Coefficient Field of degree at most D 
to the polynomial ip := l _1 x £ K{Z 2 , ■ ■ ■ , Z n )[X, Y], where / G K is the lead- 
ing coefficient of Xi since ip(X,0) G if[-X"], the root Q used to construct the 
field K,i := if(Ci) of the algorithm is actually an element of K for 1 < % < 5. 
Then the irreducibility of ip over K(Z 2 , . . . , Z n )[X, Y] implies that the linear 
system (8) derived in step L has no solution in the field Ki for 1 < m < D 
and 1 < % < 5. This implies that for m = D and 1 < % < 5, the augmented 
matrix of the system, Mp(Z 2 , . . . , Z n ), has rank greater than that of the 
matrix of the coefficients Mp\z 2 , . . . , Z n ). Since dip(X, 0)/dX G K, all the 
denominators used in the construction of this system are elements of K. Let 
G K[Z2, ■ ■ ■ , Z n ] be a maximal nonzero minor of the augmented matrix 
M§(Z 2 ,...,Z n ) and let V := (r? 2 , . . . , r/ n ) e T" 1 satisfy YlLi^D^) ^ 0. 
Then the specialized system (8) has no solutions for % = 1, . . . , 8, which im- 
plies that x{X, y, V2, ■ ■ ■ , Vn) has no irreducible factors over K[X, Y] of degree 
at most D, because algorithm Factorization over the Coefficient Field of de- 
gree at most D fails to find such a factor of x(X, Y, rj) over K. Therefore, 
^ d '■= IlLi i s the polynomial we are looking for. 

Now we show that the degree estimate for holds. The degree estimate 
essentially follows from the degree estimate of the proof of [Kal95, Theorem 
5] , taking into account that we have a different number of indeterminates and 
a different order of approximation. Indeed, for every root Q of ip(x,0), the 
corresponding linear system for m = D has (D+l)(D+2)/2— 1 indeterminates. 
Hence, any maximal nonzero minor satisfies the following degree estimate: 

< 2D5(D + l)(D + 2)/2 - (D 2 + 3D)(D 2 + 3D + 2)/8 
= D(D 2 + 3D + 2)(5 — (D + 3)/8). 

This immediately implies the degree estimate for $ D of the theorem. ■ 

Since Theorem 3.3 is valid under the assumption of condition (9), if we define 

E D := T(Vi, ...,V n ,W 2 ,..., W n )* D (Z 2 , ...,Z n ), 

then So is a polynomial in 3n — 2 indeterminates with coefficients in K of 
degree bounded by 

deg E D < D 3 5 2 - D 4 5/8 - 3D 3 5/A + 3D 2 5 2 - 1 W 2 5/8 + 2D5 2 - 3D5/A + 25 2 , 

which satisfies the following property: for every (i/,u,r)) G K with 
So(i / , oj,rj) 7^ 0, the polynomial x{ x i Vi V2, ■ ■ ■ , Vn) has no irreducible factors 
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over K of degree at most D. Therefore, for K = ¥ q we have the following 
corollary: 

Corollary 3.4 Let f G F g [X 1? . . . ,X n ] be an absolutely irreducible polynomial 
of degree 5 > 2 and let be given an integer D with 1 < D < 8 — 1. Then 
there are at most (D 3 5 2 - D 4 d/8 - 3D 3 5/4 + 3D 2 5 2 - llD 2 5/8 + 2D5 2 - 
3D8/A + 2S 2 )q 3n ~ 3 elements (z/, u, r]) G F 3n ~ 2 for which x(X, Y, r] 2 , . . . , r] n ) has 
a nonconstant irreducible factor over ¥ q [X, Y] of degree at most D. 



4 On the intersection of an absolutely irreducible F g -hyper surf ace 
with an F g -plane. 

Following [Sch 74], in this section we estimate the number of planes whose 
restriction to a given polynomial / has a fixed number of F g -absolutely ir- 
reducible factors. For this purpose, we shall consider the results from the 
previous section from a geometric point of view. We shall work with the field 
K := F q and every non-zero (v,u,r)) G W 3n ~ 2 shall be considered as providing 
a parametrization of a linear afline F g -variety of A™ of dimension 2. 

More precisely, let be given a polynomial / G F ? [Xl, . . . ,X n ] of degree 5 > 
0. For an afline linear F g -variety L C A n of dimension 2 (an F g -plane for 
short), we represent the restriction of / to L as a bivariate polynomial /x G 
¥ q [X, Y], where X, Y are the parameters of a given parametrization of L. Let 
us remark that for every such L, the polynomial fi is univocally defined up to 
an Fq-definable afline linear change of coordinates. Therefore, its degree and 
number of absolutely irreducible components do not depend on the particular 
parametrization of L we choose to represent L (cf. [Sch76, V.§4]). 

In particular, we shall be concerned with the W q -planes of A™ which have an 
F g -definable parametrization of the following type: 

X 1 = u 1 +X, Xi = Vi + uiX + r]iY (2<i<n). (10) 
Let denote the set of all F^-planes of A n and let denote the subset 

(2) 

formed by the elements of Mj, having a parametrization as in (10). 

Our purpose is to analyze the number of absolutely irreducible factors of fi 
for a given W q -plane L C A n . Hence, for a plane L G M^ 2 \ let the non-negative 
integer v(V) represent the number of absolutely irreducible F g -definable factors 
of the polynomial fi- Here < v(L) < 8 if / does not vanish identically 
on L and u(L) = q otherwise. Further, let be the set of planes L with 
\v{L) — 1 1 — j. Thus, Hi is the set of planes L with or 2 absolutely irreducible 
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Fg-factors, H, is the set of planes L for which Jl has j+1 absolutely irreducible 
F ? -factors for j — 0, 2, . . . , S — 1, and H q -i is the set of planes L for which f L 
vanish identically. 

Observe that if L e Ilj for a given j = 0, . . . , 5 — 1 then has an absolutely 
irreducible factor of degree at most Dj := \_8/(j + 1)J. Theorem 3.3 asserts 
that for any plane L e with an F q -parametrization as in (10) for which 
S£>.(i/, a;, 77) 7^ holds, the polynomial /z, has no irreducible factors over F g of 
degree at most Dj. Therefore, for every such (i/, a;, 77) G F g 3n ~ 2 the polynomial 
f L cannot have at least j + 1 irreducible factors over ¥ q , which in particular 
implies that L ^ n, U • • • U Hj.i holds. Hence we have 

h 3 U--Un M C {(u,u,r])e¥ q 3n ~ 2 : E D .{u,u,rj) = 0}. 



Taking into account that every plane of has q 3 (q — 1) F g -parametrizations 
as in (10), from Lemma 2.1 we deduce the following estimate: 



g3n— 3 



+ • • ■ + #(n,_o < degS Dj ^— T 



Therefore, from Corollary 3.4 we obtain the estimate 

fe=j 



The following proposition is crucial for our estimates for an absolutely irre- 
ducible Fq-hyper surf ace of the next section. It yields a better estimate than 
that obtained by a straightforward application of Theorem 3.2. 

Proposition 4.1 Let f e F 9 [X 1? . . . , X n ] be a polynomial of degree 5 > 1. 
Then the following estimate holds: 

S-l 3n-3 



=1 



q 3 (q- 1)' 



Proof. For 5 = 2 the expression J2 S j={ 3#(Rj) consists of only one term, 
namely U 1: and therefore Corollary 3.2 yields 

/o r n 3n-6 o 3n-6 

*^<l sl - 2S3 4 s2 )^-2 s '^r (12) 

Hence, we may assume without loss of generality 5 > 3. Let r be a real number, 
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to be fixed below, lying in the open interval (1, 5 — 1). We have: 



Ej#(n,)=Ej#(n,)+ E «< IrJ E#(n,)+ E(j-W)#(n 3 ; 



By Corollary 3.2 we have: 

S-1 / q c; x „3n-6 

E 

J'=l 



WE#n,<r(V-2^ + ^_^_. (13) 



On the other hand, by inequality (11) we have: 

E (j-W)#(n,)= E (#(n,-) + • • • + #(n,_i)) 

3=\r\+l j=[r\+l (14) 

< (5 5 d + 35 4 c 2 + 5 3 c 3 - |5 2 c 4 + 25 2 )^yy, 



where ci, C2, C3, C4 are the following numbers: 

^ 1 1 ^11 " 2 11 ^ 1 

c i ; -z. -^-^i' c 2 : -2. -i-^' c 3 ; -2. --^' c 4 : -2. -• 



We observe that any decreasing positive real function g satisfies the inequality 
£Srj+i 9ti) < 9(x)dx. Let r := <ji. Using the fact that 1 < 5/(5 - 1) < 
3/2 holds for 5 > 3, we have the following inequalities: 

5^ < 5* (|(^)- 2 - £(*i)- 3 - 1(5 - I)' 2 + i(S - I)" 3 ) 

< - ¥ 4 - ¥ 3 + ¥ 2 



35 A c 2 < 35 A (<H - |(5*)~ 2 - (5 - l)- 1 + 1(5 - iy 
< 35 f - 15 f - 35 3 + §5 2 



5 3 c 3 < 5 3 (2\n(5 - 1) + f (5 - I)- 1 - 21n5i - f <H) 
< p 3 ln5+ f§<5 2 - f5l. 
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This implies that the following estimate holds: 
5 5 c, + 35 A c 2 + 5 3 c 3 - \5 2 c A + 25 2 < 

(15) 

< I* ¥ - ±8* + 35 f - 15 f + f In 6 - IP _ n 5f + ^ 

Now, putting together (13), (14) and (15), and taking into account that 
|5 3 In 5 < 35 3+1 / 3 holds for 5 > 3, we obtain: 

E5=b'#(n,) < 25 f - ^ + 3df + 15 f - |5 3 - ^1 + \5l + f 5 2 
< 2(Jt + 35^ 

for <5 > 3. This proves the proposition. ■ 



5 Estimates for an absolutely irreducible F 9 -hypersurface. 

In this section we obtain different types of estimates on the number of q— 
rational points of a given absolutely irreducible Fg-hypersurface. First we ex- 
hibit an estimate which holds without any regularity condition and improves 
(4) and (6). Then we show an estimate which improves both the right-hand 
side and the regularity condition of the lower bound (5), providing also a cor- 
responding upper bound. Finally, we extend these estimates to the case of an 
arbitrary F g -hypersurface. 

For this purpose, we shall follow an approach that combines both ideas of 
[Sch74] and [Sch76] with the estimate of the previous section. This approach 
is based on estimating the number of g-rational points lying in the intersection 
of a given absolutely irreducible F g -hypersurface with all the F 9 -planes of A n . 

5.1 An estimate without any regularity condition. 

In what follows, we shall apply the following lemma from [Sch74]. 

Lemma 5.1 [Sch74, Lemma 5] Let f G ¥ q [X, Y] be a polynomial of degree 
5 > and let v be the number of distinct absolutely irreducible ¥ q -definable 
factors of f . Then the number N of zeros of f in W 2 satisfies 

\N - vq\ < u(q,S) + 5 2 , 
where u(q, 5) := (5 - 1)(5 - 2)q 1 / 2 + 5 + 1. 
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Let be given an absolutely irreducible polynomial / G F 9 [Xi, . . . , X n ] of degree 
5 > 0. Recall that M^p and denote the number of ¥ q -planes of A n and the 
number of F g -planes with a parametrization as in (10) respectively. Further, 
for j = 0, 2, . . . , 5 — 1 let IT,- be the number of F g -planes L G for which the 
restriction f L of / to L has j + 1 absolutely irreducible F^-deflnable factors, 
let LTi be the number of F g -planes L G for which has or 2 absolutely 
irreducible F ? -factors, and let H q -i denote the number of F 9 -planes L G M^> 
for which f L vanishes identically. Let us introduce the following quantities: 

A:=#M( 2 ), fl:=5>'#(ni), C:=#(n 9 _ 1 ), D := - #M< 2 ). 

Let E 1 denote the number of elements of containing a given point of F™. 

We recall that any element of is represented by D' := q 3 (q — 1) different 
parametrizations of type (10). Therefore, taking into account that there are 
^2n-i^n-i _ different parametrizations of type (10), we conclude that 

A = ^ — ^ (16) 



11 . „3n~3 



holds. By Proposition 4.1 we have B < (25 3 + 35 3 ) ^— [y , which implies 



By a simple recursive argument we may assume without loss of generality that 
/ cannot be expressed as a polynomial in n — 2 variables (see e.g. [Sch76]). 
Let us fix c G FJ'~ 2 for which f(c,X n -i,X n ) vanishes identically. Let us write 
/ = J2aej fa^n-i^n 2 1 where J C (Z> ) 2 is a suitable finite set and f a G 
F q [X 1 , . . . , X n _ 2 ] for any a = (ai,a 2 ) G J7\ Since / is not a polynomial of 
Fq[X 1? . . . , X„_ 2 ], it follows that / a (c) = for any q G J. By the absolute 
irreducibility of / we have that the set of polynomials {f a : a G J} C 
FjXi, . . . , X„_ 2 ] does not have nontrivial common factors in FJXl, . . . , X„_ 2 ]. 
Then Lemma 2.2 implies that there exist at most S 2 q n ~ 4 elements c G F n_2 for 
which f(c,X n -i,X n ) = holds, and hence there exist at most 5 2 q n ~ 4 linear 
varieties L of M 2 parallel to X 1 — 0, . . . , X n _ 2 = for which f L — holds. 
Let A denote the number of different subspaces belonging to . Repeating 
this argument for all the subspaces of we obtain 

C ^q^A _ 5 2 

A ~ q n ~ 2 A q 2 ' { ' 
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Let us observe that #M^ 2) = q n (q n -l)(q n -q)/(q 2 (q 2 -l)(q 2 -q))- Combining 
this observation with (16) we have 

A~A { * Mt - A) ~A q 2 (q 2 -l)(q 2 -q) ~W {%) 



Let us fix a point x e F™. Then there are £ = (q n -l)(q n -q)/ \{q 2 -1)(<? 2 -q)) 
varieties L e M^ 2 ** passing through x. This implies 

| < ? n - 2 - (20) 



Now we are ready to state our estimate on the number of rational points of 
an absolutely irreducible F^-hyper surf ace without any regularity condition. 

Theorem 5.2 For an absolutely irreducible ¥ q -hypersurface H of A n of degree 
5 the following estimate holds: 

|#(if n ¥ q l ) - q 11 - 1 ] <(S-1)(S- 2)<f ~ 3/2 + 55f q n - 2 



Proof. First we observe that the theorem is obviously true if 5 = 1. There- 
fore, we may assume without loss of generality that 5 > 2. 

Let N := fl F n ). With the notations introduced before, we have: 



N-q 




In order to estimate the first term of the right-hand side of (21), for a plane 
L G Tlj with j e {0, . . . , 5 - 1}, Lemma 5.1 implies \N(f L ) - q\ < \N(f L ) - 
v(L)q\ + \v(L) — \\q < uj(q,5) + 5 2 + jq. Therefore, we have: 

E \ N (h)-q\ < E( E (w(q,5) + 5 2 +jq))+ E (? 2 -?) 
LeM( 2 ) j=o Len, Leu q -! 

< ( E #( n ,)) Wq, *) + ^ 2 ) + g E i#( n ,) 

< A(u(q, 5) + 5 2 ) + Bq + - 1). 
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Replacing this inequality in (21) and taking into account (17), (18), (19), (20) 
we obtain for 5 > 3: 

\N - q n ~ l \ < \ (A(u(q, 5) + 5 2 ) + Bq + Cq(q - 1) + Dq 2 ) 

<A^ 5) + 5 2 + B q+ c q(q _ 1) + n^ ^ 

< q n ~ 2 (u(q, 5) + 5 2 + (25% +3^)| + 5 2 + |) 

< (5-l)(5-2)q n -V 2 + 55¥q n - 2 . 

For 5 = 2, combining (21) with estimate (12) of the proof of Proposition 4.1, 
we obtain 

\ N - q n~l\ < q n-2 ^ S )+S 2 + (^4 _ 2 ^ + ^2)4 + 5 2 + §) 

<(S-1)(5- 2)q n -V 2 + (2<5 4 + 35)q n ~ 2 (23) 

< (5-l)(5-2)g"- 3 / 2 + 5<5fg n - 2 . 

This finishes the proof of the theorem. ■ 

Observe that our estimate holds with no restriction on q and clearly improves 
the previous record estimate (up to the authors knowledge), due to [HW98], 
which is only valid for q > cn 3 S 5 log 3 5: 

D F") - q 71 - 1 ] <{5-l){6- 2)q n - 3/2 + (25 5 + 5 2 )q n ~ 2 + 25 7 q n ~ 5/2 ). 

Moreover, we also improve the estimate of [GL02a], [GL02b]. We recall that 
in the case of a hypersurface the estimate is 

\4{H n f;) - <f - 1 ! <(S-i)(S- 2)<f- 3/2 + 12(5 + 3) n+1 <f- 2 . 

In [CR96], the authors show that for q sufficiently large the following assertions 
hold (see [CR96, Theorem 3.2 and 3.4]) for any polynomial / G F ? [Xl, . . . , X n ] 
of degree 5 > 0: 

(i) if / is absolutely irreducible, then #(V(f) n F") < dq" 1 - 1 -(5- l)g n " 2 , 
(ii) if / has an absolutely irreducible nonlinear F g -definable factor, then 
#(\/(/)nF;)<5g- 1 -(5-l)g"- 2 . 

Further, they ask whether the previous assertions hold for any q. Although 
we are not able to answer this question, our estimates provide explicit values 
Qo — <?o(<5) an d qi = qi(S) such that (i) holds for q > q and (ii) holds for 
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q > q\. Indeed, Theorem 5.2 implies that we may choose q := 1353° and 
qx := 95~ . 



5.2 An improved estimate with regularity condition. 

In this section we are going to exhibit an estimate on the number of g-rational 
points of an absolutely irreducible F g -variety which improves that of Theorem 
5.2 but is only valid under a certain regularity condition. 

13 

Theorem 5.3 Let q > lh5~ and let H C A n be an absolutely irreducible 
F q -hypersurface of degree 5. Then the following estimate holds: 

\#(H n F") - g- 1 ! < (u;(q, 5) + 55 2 )q n ~ 2 . 



Proof. Let iV := #(ifnF n ). Since the statement of the theorem is obviously 
true for 5 = 1, we may assume without loss of generality that 5 > 2 holds. 

With notations as before, for a plane L e IT, with j > it follows by Lemma 
5.1 that \N(f L ) — q\ < jq + u(q,5) + 5 2 holds. Therefore, we have 

\N(f L ) ~ Nq 2 ~ n \ > \N(f L ) -q\- q 2 ~ n \N - q n ~ l \ 

> jq — uj(q, 5) — 5 2 — uj(q, 5) — 55^ 

> \fa 

where the last inequality is valid if and only if ^jq > 2g 1//2 (5 — 1)(5 — 2) + 

2(5 + 1) + 5 2 + 55^ holds. Hence, our assumption on q implies the validity of 
the inequality. 

From [Sch74, Lemma 6] we have \q 2 Ej=i j 2 #(Rj) < SEq 11 ^ 1 , which implies 
El=b'#(n,) < A5Eq n ~ 3 . Hence, 

\N - q n ^\ = ±| E Le< ) (N(f L ) -q)\<± E i6< ) |(JV(/l) - q)\ 
<±((A + D)(u(q, 5) + 5 2 ) + ££} 2j'9#(n j )) 

< q n - 2 {uj{q,5) + 5 2 + 85) 

< q n - 2 {uj{q,5) + 55 2 ). 

This finishes the proof of the theorem. ■ 



19 



From this estimate we deduce the following (non-trivial) lower bound: for 

13 

q > 155~ , we have 

N > <f - 1 -{5- 1)(5 - 2)q n ~l - {55 2 + 5 + l)q n ~ 2 . 

Therefore, our estimate significantly improves the regularity condition q > 
10 4 n 3 5 5 $ 3 ([41og5]) of [Sch74], where [ ] denotes integer part and is the 
j-ih prime, and also provides a corresponding upper bound, not given in 
[Sch74]. 

Let us observe that, in the setting of polynomial equation solving over finite 
fields, lower bounds on the number of g-rational points of a given absolutely 
irreducible F g -hypersurface H, such as those underlying Theorems 5.2 and 
5.3 or [Sch 74], are typically required in order to assure the existence of a q- 
rational point of H (see e.g. [HW98], [HW99], [CM03]). Indeed, from [Sch74] 
one deduces that an absolutely irreducible F 9 -hypersurface of degree 5 has a 
g-rational point for q > 10 4 n 3 5 5 $ 3 ([41og5]). Furthermore, from Theorem 5.2 

13 

we conclude that this condition can be improved to q > 9S~ . Nevertheless, 
the following simple argument allows us to significantly improve the latter 
(compare [CM03, Section 6.1]): 

Theorem 5.4 For q > 2<5 4 , any absolutely irreducible ¥ q -hypersurface of de- 
gree 5 has a q -rational zero. 

Proof. Let H C A™ be an absolutely irreducible F g -hyper surf ace of degree 
5, and let / G F g [X 1; . . . , X n ] be the defining polynomial of H. Since q > 2<5 4 , 
from Corollary 3.2 we conclude that there exists (v,ou,r)) G F g 3ra ~ 2 for which 
X(X, Y) := f(X + v-y, uo 2 X + 7] 2 Y + i/ 2 , . . . , uj n X + r] n Y + v n ) is absolutely 
irreducible of degree 5. Therefore, Weil's estimate (1) shows that x has at 
least q — (5 — I) (5 — 2)<p — § — 1 g-rational zeros. Since this quantity is a 
strictly positive real number for q > 25 4 , we conclude that x has at least one 
g-rational zero, which implies that H has at least one g-rational zero. ■ 



Finally, we observe that in the case that the characteristic p of the field ¥ q is 
large enough, the estimates of Theorems 5.2 and 5.3 can be further improved, 
using an effective version of the first Bertini Theorem due to S. Gao [Gao03]. 
From [Gao03, Theorem 5.1] we deduce the following result: 

Corollary 5.5 Suppose that the characteristic p of¥ q satisfies the condition 
p > 25 2 . Let f G F 9 [X 1? . . . , X n ] be an absolutely irreducible polynomial of 
degree 5 > 1. Then there are at most §# 3 ^§(— [j ¥ q -planes L C A" such that 
the restriction f^ of f to L is not absolutely irreducible. 
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With the notations of Section 5.1, from Corollary 5.5 we obtain 

n 1 5-1 r 5-1 o r4 3n-3 o n-2 

Combining this estimate with (22) of the proof of Theorem 5.2, we obtain the 
following estimate on the number N of g-rational points of any absolutely 
irreducible hypersurface H C A™ of degree 5: 

\N - q n ^\ <{S-1)(5- 2)<f ~ 3/2 + 35 4 q n - 2 . 

Furthermore, replacing in the proof of Theorem 5.3 the lower bound obtained 
from Theorem 5.2 by the one arising from the above estimate, we obtain 

\N - g^l <(8-l)(5- 2)<f " 3 / 2 + {55 2 + 5 + l)q n - 2 . 

Summarizing, we have: 

Corollary 5.6 Suppose that p > 25 2 holds, and let H C A™ be an absolutely 
irreducible ¥ q -hypersurface of degree 5 > 1. Then the following estimate holds: 

\N - g"- 1 ! <(6-l)(6- 2)q n - 3 / 2 + 35 4 <f~ 2 - 

Furthermore, if in addition we have q > 275 A , then 

\N - q n ~ l \ <{8-l){5- 2)q n ^l 2 + (55 2 + 5 + l)q n - 2 . 

These estimates certainly improve those of Theorems 5.2 and 5.3 for p > 2S 2 , 
but fail to improve the existence result of Theorem 5.4. Indeed, Corollary 5.6 
does not yield a non-trivial lower bound on the number of g-rational zeros 
of H for q < 45 A . In fact, taking into account that estimates like of those of 
Theorems 5.2 and 5.3 and Corollary 5.6 will fail to provide nontrivial lower 
bounds for q < (5 — I) 2 (8 — 2) 2 , we conclude that our existence result of 
Theorem 5.4 comes quite close to this optimal value. 

5.3 An estimate for an arbitrary ¥ q -hypersurface. 

We finish our discussion on estimates on the number of g-rational points of 
an F 9 -hyper surf ace by considering the case of an arbitrary F 9 -hypersurface. 
Nevertheless, it must be remarked that our estimate in the case of an F g - 
hypersurface without absolutely irreducible F g -definable components reduces 
essentially to Lemma 2.3. 

Theorem 5.7 Let H C A™ {n > 2) be an ¥ q -hypersurface of degree 5 > 0. Let 
H = HiU- ■ •UiJ (7 Ui/ cr+ iU- ■ -UH m be the decomposition of H into W g -irreducible 
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components, where Hi, ... , H a are absolutely irreducible and H a+ i, . . . , H m are 
not absolutely irreducible. Let 5i := degifj for 1 < % < m and let A := J2i=i 
Then we have the estimate 

n F") - aq 71 - 1 ] < sign(a){A - 1)(A - 2)q n ~* + (5A^ + 5 2 /A)q n - 2 , 

where sign(a) := for a = and sign(a) : = 1 otherwise. 

PROOF. Let N : = #{H n F") and JVj := fl F") for 1 < i < m. We have 

(T (7 

\N -aq n ~ l \ < |iV-E^| +El iV ^-9 r^ ~ 1 |• 
^=l i=i 



For ff + l<t<mwe have that i^j is an F g -irreducible hypersurface which is 
not absolutely irreducible. Therefore, Lemma 2.3 implies 

am m 

N-J2^< E N t <q n - 2 £ 52/4 < g™- 2 5 2 /4. (24) 

i=l i=a+l i=a+l 



On the other hand, we have 



Eiv,-iv< E #(^ni/,nF;)<g«- 2 E < <f - 2 <5 2 /4. (25) 

i=l l<i<j'<<r l<«<i<c 



From (24) and (25) we conclude that the following estimate holds: 

\N -Y^Ni\<q n - 2 5 2 /A. (26) 
i=i 

Since if, is an absolutely irreducible F 9 -hypersurface of A™ for 1 < % < a, 
applying Theorem 5.2 we obtain: 

E \Ni - q n ~'\ < q n - 2 E {(Si ~ l)(Si - 2)q 1 / 2 + 5#) 
i=i j=i 

< sign(a)(A - 1)(A - 2)g™-§ + 5Af g n " 2 . 
Combining this estimate with (26) finishes the proof of the theorem. ■ 
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6 From hypersurfaces to varieties. 

Let V be an equidimensional F ? -variety of dimension r > and degree 5. 
In this section we are going to exhibit a reduction of the problem of esti- 
mating the number of g-rational points of V to the hypersurface case. It is 
a well-known fact that a generic linear projection morphism n : A n — > A r+1 
induces a birational morphism which maps V into a hypersurface of A r+1 . Our 
next result yields an upper bound on the degree of the genericity condition 
underlying the choice of the projection morphism ir. 

Proposition 6.1 Let A := (A. i j)i< i < r+ i t i<j< n be an (r + 1) x n-matrix of 
indeterminates, let AW := (Aj 1? . . . , Aj „) for 1 < i < r + 1, and let T : = 
(Ti, . . . , T r+1 ) be an (r + 1) -dimensional vector of indeterminates. Let X : = 
(Xi, . . . , X n ) and letY := AX+T. Then there exists a nonzero polynomial G G 
F,[A, T] of degree at most 2(r + 1)5 2 such that for any (A, 7) G A( r+1 ) n x A r+1 
with G(A,7) 7^ the following conditions are satisfied: 

(2) Let Y := XX + 7 := (Yi, . . . , Y r+ i). Then the projection morphism 

7r : V — > A r defined by Yi, . . . , Y r is a finite morphism. 
(ii) The linear form Y r+i induces a primitive element of the integral ring 
extension ¥ q [Yi, . . . ,Y r ] ¥ g [V], i.e. the degree of its minimal integral 
dependence equation in FjYi, . . . , Y r ] equals the rank of ¥ q [V] as (free) 
FglYx, . . . , Y r ]-module. 

Proof. Let us consider the following morphism of algebraic varieties: 

$ : A( r+1 ) n x A r+1 x V -> A( r+1 ^ n x A r+1 x A r+1 
(A,7,x) ^ (A, 7, Ax + 7). 

Using standard facts about Chow forms (see e.g. [Sha84], [KPS01]), we con- 
clude that /m($) is a hypersurface of A^ r+1 ) n x A r+1 x A r+1 , defined by a 
polynomial P G FJA, F, Y ± , . . . , Y r+ i] which satisfies the following estimates: 

# de %Yu..,Yr + l P = P = 5 ' 

• deg A (i) r . P < 5 for 1 < i < r + 1. 

Let Gi G F 9 [A, r] be the (nonzero) coefficient of the monomial Y r & +1 in the 
polynomial P, considering P as an element of F g [A, r][Yi, . . . , V r +i]. We have 
degGi < (r + 1)5. Let G x G FJA^,^ : 1 < % < r] be the coefficient of 
a nonzero monomial of the polynomial G±, considering G\ as an element of 
F 9 [A(^:l<2<r][A^ +1 \r r+1 ]. 
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Let (A*, 7*) G A rn x A r be any point satisfying the condition <5i(A*, 7*) 7^ and 
let Y := (Yi, . . . , Y r ) := \*X + 7*. We claim that condition (i) of the state- 
ment of Proposition 6.1 holds. Indeed, since G\ := Gi(A*, 7*, A^ r+1 \ T r+1 ) 
is a nonzero element of FjA (r+1 ), T r+ i], we deduce that there exist n ¥ q - 
linearly independent vectors W\, . . . ,w n G F™ and a\, . . . , a n G ¥ q such that 
G\(w k , a k ) 7^ holds for 1 < k < n. Let £ k := w k X + a k for 1 < k < n. By 
construction, for 1 < k < n the polynomial P(X*,Y,w k ,a k , Yi, . . . , Y r) £ k ) is 
an integral dependence equation over F 9 [Yi, . . . , Y r \ for the coordinate function 
induced by £ k in F 9 [V]. Since ¥ q [£i, . . . , £ n ] = ¥ q [Xi, . . . , X n ] we conclude that 
condition (i) holds. 

Furthermore, since FJA, T, Yi, . . . , Y r+1 ]/(P) is a reduced F g -algebra and ¥ q 
is a perfect field, using [Mat80, Proposition 27. G] we see that the (zero- 
dimensional) F g (A, r, Yi, . . . , y;)-algebra F 9 (A, T, Yi,^. . , F r ) [f r+ i]/(P) is re- 
duced. This implies that P is a separable element of F 9 (A, r, Y\, . . . , F r ) [Y r +i], 
and hence P and dP/dY r+1 are coprime in F 9 (A, r, Y 1: . . . , F r )[y r+1 ]. Then the 
discriminant p := ReSy (P, 9P/dY r+ i) of P with respect to F r+ i is a nonzero 

element of FJA, F,Yi, . . . , Y r ] which satisfies the following degree estimates: 
• deg A( !) r j p < (25 - 1)5 for 1 < i < r + 1. 

Let p\ G F 9 [A, r] be a (nonzero) coefficient of a monomial of p, considering p 
as an element of FJA, r] [Yi, . . . , Y r ] and let G := pi Gi. Observe that deg G < 
2(r + 1)5 2 holds. 

Let (A, 7) G A( r+1 ) n x A r+1 satisfy the condition G(A,7) ^ 0, let (A*, 7*) G 
A rn x A r be the first r rows of (A, 7) and let Y := (Y x , . . . , Y r+1 ) = XX + 7. It 
is clear that condition (i) holds. 

We are going to prove that condition (ii) holds. For this purpose, let p* be the 
polynomial obtained from p by specializing A^, Tj (1 < i < r) into the value 
(A*, 7*). Then p* is a nonzero polynomial of FjA( r+1 \ r r+1 , Y u . . . , Y r \ which 
equals the discriminant of P(A*, A^ r+1 \ 7*, r r+1 , Y 1; . . . , Y r , Y r+1 ) with respect 
to Y r+1 . 

Let ^1, . . . ,£ n be the coordinate functions of V induced by X 1: . . . ,X n , let 
d '■= Y!j=i\j£,j for 1 < -i < r and let Y r+1 := Y^ =1 K+\,jij- From the 
properties of the Chow form of V we conclude that the identity 

= p(a*, M r+1 \ 7*, r r+1 , Ci, . . . , Cr, 

= P(A* M r+1 \ 7* T r+1 , Cl, • • • , Cr, Ar+l,l£l+ • • • +K+l,ntn) 
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holds in ¥ q [M r+1 \ T r+1 ] ®^ ¥ q [V\. Following e.g. [ABRW96] or [Rou97], from 
(27) one deduces that for 1 < k < n the identity 

(dP/dY r+1 )(X*, A^ +1 ), 7*, r r+1 , Ci, • • • , Cr, Y r+1 )£ k + 

+(dP/dA k )(X*, A( r+1 ),7*, r r+1 , Ci, . . . , Cr, Y r+1 ) = 



holds in ¥ q [A^ r+1 \ T r+1 ] ® ¥q ¥ q [V}. Since p*(M r+1 \ T r+1 , Y u . . . , Y r ) is the dis- 
criminant of P(X*, A^ r+1 \ 7*, r r+ i, Yi,..., Y r , Y r+ i) with respect to Y r+ \, it can 
be expressed as a linear combination of P(X*, A^ r+1 \ 7*, T r+1 , Y" 1; . . . , Y r , Y r+ i) 
and (dP/dY r+1 )(X*, A^ r+1 \ 7*, T r+1 , y 1? . . . , Y r , Y r+1 ). Combining this observa- 
tion with (27) and (28) we conclude that 

P *(A^ +1 ), r r+1 , Ci, . . • , Cr)& + P fc (A (r+1) , r r+1 , Ci, . . • , Y r+1 ) = o (29) 



holds, where P k is a nonzero element of F g [A^' +1 \ r r +i, Zi, . . . , Z r+i ] for 1 < 
i < n. Specializing identity (29) into the values A r+ ij '■= (1 < j < ^) 

and T r+ i = 7 r+ i for 1 < < n we conclude that Y r+ i induces a primitive 
element of the F g -algebra extension ¥ q (Y 1: . . . , Y r ) <^-> F 9 (Fx, . . . , Y r ) ®^ F 9 [V]. 

Condition (?) implies that ¥ q [V] is a finite free F 9 [Y"i, . . . , y r ]-module and hence 
¥ q (Y 1 , . . . , Y r ) ®^¥ q \V\ is a finite-dimensional F 9 (Yi, . . . , F r )-vector space. Fur- 
thermore, the dimension of F 9 (Yi, . . . ,Y r ) ®^ F 9 [V] as F 9 (Yi, . . . , F r )-vector 
space equals the rank of F g [V] as ¥ q [Yi, . . . , F r ]-module. On the other hand, 
since F 9 [Yi, . . . , Y r ] is integrally closed we have that the minimal dependence 
equation of any element of / G ¥ q [V] over ¥ q (Y~i, . . . , Y r ) equals the minimal 
integral dependence of / over ¥ q [Y 1 , . . . , Y r ] (see e.g. [Kun85, Lemma II. 2. 15]). 
Combining this remark with the fact that Y r+ i induces a primitive element 
of the Fq-algebra extension ¥ q (Y]_, . . . , Y r ) ¥ q (Y 1 , . . . , Y r ) (g^ ¥ q [V] we con- 
clude that Y r+1 also induces a primitive element of the F ? -algebra extension 
¥ q [Yi, . . . , Y r ] <^-> ¥ q [V]. This shows condition (ii) and finishes the proof of the 
proposition. ■ 



From Proposition 6.1 we easily deduce that V is birationally equivalent to 
an Fq-hypersurface H C A r+1 of degree 5, namely the image of V under 
the projection defined by linear forms Y := (Yi, . . . ,Y r+ i) = XX + 7 with 
G(X, 7) 7^ 0, where G is the polynomial of the statement of Proposition 6.1 
(compare Proposition 6.3 below). 

We would like to estimate the number of g-rational points of the variety V 
in terms of that of the hypersurface H, but "good" estimates on the num- 
ber of g-rational points of H are not available if H is not an ¥ q -variety. Let 
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us observe that H is an F g -variety if the linear forms Yi, . . . ,Y r+ i belong 
to F g [Xi, . . . ,X n ] (see e.g. [Kun85]). In order to ensure that there exist lin- 
ear forms Yi, . . . ,Y r+ i G ¥ q [Xi, . . . , X n ] satisfying conditions (i) and (ii) of 
Proposition 6.1 we have the following result: 

Corollary 6.2 Let notations and assumptions be as in Proposition 6.1. If 
q > 2(r + 1)5 2 , there exists an element (A, 7) G F( r+1 ) xn x F g r+1 satisfying 
the condition Gr(A, 7) 7^ ; where G is the polynomial of the statement of 
Proposition 6.1. 

Proof. Let V(G) := {(A, 7) G A( r+1 ) n x A r+1 : G(A, 7 ) = 0}. Taking into 
account the upper bound of Lemma 2.1 

n (w^ r+1)n x f; +1 )) < 2(r + i)<sy r+1 )( n+1 >- 1 , 

we immediately deduce the statement of Corollary 6.2. ■ 

From now on, we shall assume that the condition q > 2(r + 1)5 2 holds. Let 
(A, 7) G F^ +1 )« x F; +1 satisfy G(A, 7) + 0, let Y = (Y 1: . . . , Y r+1 ) := \Y + 7 
and let us consider the following F^-definable morphism of F 9 -varieties: 

7T : V -> A r+1 

x ^ (Y^x), . . . ,Y r+1 (x)). 

Then the set W := ir(V) is an F g -hyper surf ace. This hypersurface is defined 
by a polynomial h G F 9 [Yi, . . . , Y^+i], which is a separable monic element of 
the polynomial ring FjYi, . . . , Y r ] [Y r+ i\. 

Let Vi C A n and W x C A r+1 be the following F 9 -varieties: 

V 1 := {1 6 A" : (dh/dYr+^Y^x), Y r+1 (x)) = 0}, 
W 1 := {y G A r+1 : (dh/dY r+1 )(y) = 0}. 

Our following result shows that the variety V is birationally equivalent to the 
hypersurface W C A r+1 . 

Proposition 6.3 Let q > 2(r + 1)5 2 . Then tc\ v \ Vi : V \ V x ^ W \ W 1 is an 

isormorphism of ¥ q -Zariski open sets. 

Proof. Let us observe that ir(V \ Vi) C W \ W x . Then ir\ v \ Vl : V \ V x -> 
\ Wi is a well-defined F g -definable morphism. 
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We claim that tt is an injective mapping. Indeed, specializing identity (28) 
of the proof of Proposition 6.1 into the values A r+1 j := X r +i,j (1 < J < 
n) and T r+1 = 7 r+1 we deduce that there exist polynomials v 1 ,...,v n G 
¥ q [Y 1: . . . , Y r+ i] such that for 1 < % < n the following identity holds: 

Vifr, Y r+1 ) - X, ■ (dh/dY^)^, . . . , Y r+1 ) = mod I(V) . (30) 

Let x := (xi, . . . , x n ),x' := (x' 1: . . . ,x' n ) £ V\V\ satisfy n(x) = ir(x'). We have 
Yi(x) = Yi(x') for 1 < % < r + 1. Then from (30) we conclude that Xi = x\ for 
1 < i < n, which shows our claim. 

Now we show that ^ly^ : V \ V\ — > W \ W\ is a surjective mapping. Let 
ho := dh/dY r+ i. Let be given an arbitrary element y := (yi, . . . , y r +i) of 
W\W U and let 

x := ((v 1 /h )(y), . . . , (v n /h )(y)). 

We claim that x belongs to V \V\. Indeed, let / be an arbitrary element of 
the ideal I(V) and let / := (ho(Yi, . . . , Y r+1 )) N f, where iV := degf. Then 
there exists g G F 9 [Z 1; . . . , Z n+1 ] such that / = g(h Xi, . . . , h X n , h ) holds. 
Since / G I(V), for any z G V we have f(z) = and hence from identity 
(30) we conclude that g(v\, . . . , v n , ho)(Yi(z) : . . . , Y r+ i(z)) = holds. This 
shows that h divides / := g(vi, . . . , v n , ho) in ¥ q [Yi, . . . , Y r+ i] and therefore 
f(y) = ho(y) N f(x) = holds. Taking into account that h (y) ^ we conclude 
that f(x) = holds, i.e. x G V \ V x . 

In order to finish the proof of the surjectivity of n there remains to prove that 
tt(x) = y holds. For this purpose, we observe that identity (30) shows that 
any z G V satisfies 

n 

Y l (z)h (Y 1 (z), Y r+1 {z)) - £ \j Vjfriz), Y r+1 {z)) = 

j'=i 

for 1 < % < r + 1. Then h divides the polynomial Yiho — Y7j=i\,jVj in 
FjYi, . . . Y r+1 ], which implies ^ = £"=i X i>j (v j /h )(y) = E"=i Aj,j Xj for 1 < 
% < r + 1. This proves that 7r(x) = y holds. 

Finally we show that 7r|y\vi : V \ V± — > \ Wi is an isomorphism. Let 

: W \ -> F \ V[ 

y >-»• ((v 1 /h )(y), (v n /h )(y)). 

Our previous discussion shows that is a well-defined F^-definable morphism. 
Furthermore, our arguments above show that n o is the identity mapping of 
W \ W\. This finishes the proof of the proposition. ■ 
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From Proposition 6.3 we immediately conclude that the F g -Zariski open sets 
V \Vi and W \ W\ have the same number of g-rational points. 



7 Estimates for an ¥ q -variety. 

In this section we exhibit explicit estimates on the number of g-rational points 
of an Fg-variety. For this purpose, we are going to apply the reduction to the 
hypersurface case of Section 6, together with the estimates for hypersurfaces 
of Section 5. We start with the case of an absolutely irreducible F g -variety. 

Theorem 7.1 Let V C A n be an absolutely irreducible W q -variety of dimen- 
sion r > and degree 5. If q > 2(r + l)5 2 , then the following estimate holds: 

n ¥ q n ) - q r \ <(S-1)(S- 2)q r -^ + 55fq r -\ (31) 

Proof. First we observe that the theorem is obviously true in the cases 
n — 1 or 5 — 1, and follows from Weil's estimate (1) in the case n — 2. 
Therefore, we may assume without loss of generality that n > 3 and 5 > 2 
hold. 

Since the condition q > 2(r + 1)5 2 holds, from Corollary 6.2 we deduce that 
there exist linear forms Yl, . . . , Y r+ i e FjXi, . . . , X n \ satisfying conditions (i) 
and (ii) of the statement of Proposition 6.1. Therefore, from Proposition 6.3 
we have 

\#(vnF q n )- q r \ < |#(^nF; +1 )-g r | + #(\/n\/ 1 nF;) + #(^n^ 1 nF;+ 1 ), 

where V\ C A n , W C A r+1 and W\ C A r+1 are the ¥ q -hypersurfaces de- 
fined by the polynomials (dh/dYr+^Y^X), . . .,Y r+1 (X)) G ¥ q [X 1: . . . , X n ], 
h E ¥ q \Y u . . .,Y r +i] and (dh/dY r+1 ) e FjYi, . . . , F r+1 ] respectively. 

From the Bezout inequality (7) and Lemma 2.1 we deduce the upper bounds: 

#(yny 1 nF ? ") < 8(8 -i) q r -\ 
#(w nWxf] f; +1 ) < 5(5 - i)q r -\ 

On the other hand, we observe that W is an absolutely irreducible F g -variety 
of dimension r > and degree 5 > 0. Therefore, applying estimate (22) of the 
proof of Theorem 5.2 we obtain 

\4(w n f; +1 ) - <f | < (5 - l)(8 - 2)<f -5 + + 45^ + 25 2 + 5 + l)q r -\ 
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(32) 



This estimate, together with (32), immediately implies the statement of the 
theorem for 8 > 3. For 5 = 2 we combine the above estimate with (32) and 
(23), which yields the estimate of the statement of the theorem. This finishes 
the proof. ■ 



Furthermore, if we estimate |#(VF n F ? r+1 ) — q r \ using Theorem 5.3 instead of 
Theorem 5.2, we obtain the following result: 

Corollary 7.2 Let V C A n be an absolutely irreducible ¥ q -variety of dimen- 
sion r > and degree 5. If q > max{2(r + l)d~ 2 , 15S~}, then the following 
estimate holds: 

n f; +1 ) - q r \ <{5- 1)(5 - 2)<f-5 + 75 2 q r -\ 

Finally, if the characteristic p of ¥ q is greater than 2<5 2 , from Corollary 5.6 we 
obtain: 

Corollary 7.3 Let V C A n be an absolutely irreducible F q -variety of dimen- 
sion r > and degree 5. If p > 25 2 and q > 2(r + 1)5 2 we have: 

H F g r+1 ) - q r \ <(8-l)(5- 2)q r ^ + 45Y" 1 . 
// in addition q > 255 4 ; then the following estimate holds: 

n F 9 r+1 ) - q r \ <(5- 1)(5 - 2)q r ^ + 75 2 q r -\ 

The estimate of Theorem 7. 1 yields a nontrivial lower bound on the number 
of g-rational points of an absolutely irreducible F g -variety V of dimension 
r > and degree 5, implying thus the existence of a g-rational point of 
V, for q > max{2(r + 1)5 2 , 95~x}. Nevertheless, similarly to Theorem 5.4, the 
following simple argument allows us to obtain the following improved existence 
result: 

Corollary 7.4 For q > max{2(r + 1)5 2 ,25 4 }, any absolutely irreducible W q - 
variety V of dimension r > and degree 5 has a q -rational point. 

Proof. Since q > 2(r + 1)5 2 holds, from Corollary 6.2 we conclude that 
there exist linear forms Y 1: . . . , Y r+1 e FJX 1? . . . , X n ] satisfying the conditions 
of Proposition 6.1. Let h e FjYi, . . . , Y r+1 ] denote the defining polynomial of 
the absolutely irreducible F ? -hypersurface W C A r+1 defined by the image of 
the linear projection of V induced by Yi, . . . , Y r+1 . From the condition q > 2S 4 
we conclude that there exists an F ? -plane L C A r+1 for which W fl L is an 
absolutely irreducible F g -curve of A r+1 . Hence, Weil's estimate (1) shows that 
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#(W n L n F; +1 ) > q - (5 - 1)(5 - 2)q 1 2 -5-1 holds. Furthermore, from the 
Bezout inequality we deduce that #(W nifl V(dh/dY r+1 )) < 5(5-1) holds, 
which implies # ((W \ V(dh/dY r+1 ))(l L n F; +1 ) > g - (5 - 1) (5 - 2)q^ - 5 2 - 1 . 
Since this quantity is strictly positive for q > 25 4 , it follows that there exists 
a g-rational point of W \ V(dh/dY r+ i). Combining this with Proposition 6.3 
we conclude that there exists a g-rational point of V. ■ 



7.1 An estimate for an arbitrary ¥ q -variety. 

Now we are going to estimate the number of g-rational points of an arbitrary 
F^-variety V of dimension r > and degree 5. Let V = V± U • • • U V m be 
the decomposition of V into F g -irreducible components, and suppose that the 
numbering is such that V{ is absolutely irreducible of dimension r > for 
1 < % < a, absolutely irreducible of dimension at most r — 1 for a + 1 < i < p 
and not absolutely irreducible for p + 1 < i < m. 

For 1 < i < m, let N t := #(VJ nFJ 1 ) and denote by S t the degree of VJ. Finally, 
let A := Yf i=1 Si and N := #(V n F g n ). We have the following result: 

Theorem 7.5 W^/i notations and assumptions as above, if q > 2(r + l)5 2 the 
number N of q -rational points of the variety V satisfies the following estimate: 

\N - aq r \ < sign(a)(A - 1)(A - 2)q f - 1 ' 2 + (5At + 5 2 )q r -\ (33) 

where sign(a) := for a = and sign(a) := 1 otherwise. 

Proof. We have \N - aq r \ < £f =1 - g r | + |iV — Ef =1 NA. 
From Theorem 7.1 we obtain: 

i=i i=i (34) 

< sign(a)(A - 1)(A - 2)g r -V2 + 5Af g^ 1 . 

Now we estimate the term \N — J2i=i Ni\. Let o + 1 < % < p. Then Vi is an 
F g -variety of dimension at most r — 1 and degree 5i, and Lemma 2.1 implies 
Ni < Siq 1 "^ 1 . On the other hand, for p + 1 < i < m we have that is ¥ q - 
irreducible and not absolutely irreducible, and Lemma 2.3 shows that iVj < 



30 



5fq r 1 /A holds. Then we have 

am m 

N-Y,N*< £ iVi^-'E S 2 i<5 2 q r -\ (35) 

j=l i=a+l i=a+l 

On the other hand, Lemma 2.1 implies 

j^Ni-NK £ #W n ^ n F g ") < ^"T <^ < ^V"V2. (36) 

i=l l<i<j<a l<i<j<a 

From estimates (35) and (36) we conclude that |7V — Yh=\ Ni\ < 5 2 q r ~ 1 holds. 
Combining this estimate with (34) finishes the proof of the theorem. ■ 
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